Background: In the construction industry, the productivity of all trades is directly impacted by uncertainty and variability. For repetitive projects, smooth work flow of productive resources is necessary to minimize or eliminate interruptions and idle time with the objective of reducing costs. An ideal or near optimal solution requires careful planning of the sequence, timing and resource allocations for each activity. Earlier research has demonstrated that uncertainty in the duration of repeated activities can have a significant impact on what is determined to be the optimum project plan. This suggests that correlation in the duration of repeated activities (where durations are stochastic) may also be important in determining the most favorable plan. Methods: This study assesses the significance of correlation in this respect, using a Linear Scheduling framework for modeling repetitive construction work. Numerical and graphical results are used in a case study to evaluate and compare the optimal solution derived for both deterministic and stochastic environments. For the stochastic environment, a range of levels of correlation are considered using linear correlation between immediate successor repetitions of an activity. Results: The results provide insight into the effects of different degrees of correlation on the expected project duration, cost, crew and equipment idle times and interruptions. The correlation level has effects that translate into performance tradeoffs depending on the initial plan assumptions applied to the activities. Conclusions: The impact of full correlation on the optimality of a project plan was found, on average, to introduce idle time to crews equal to 7% of their active time, and to cause avoidable delays to the completion of a project equal to 12% of the project duration. The authors believe these inefficiencies justify further investigation of the impact of correlation on construction projects, including the development of more sophisticated models of correlation.
Background
Many of the activities performed in construction are repetitive in nature. Activity repetition is most prevalent at a low level in a work breakdown, such as the cycling of equipment in an earthmoving operation or the laying of bricks, but it is also common at intermediate and high levels, such as the laying of utility lines or the construction of many similar floors in a high-rise building. Repetitive activities can be either discrete or continuous processes but most planning tools are limited to one or other perspective. The critical path method (CPM), for example, treats all activities as discrete units -this is convenient for activities that are inherently discrete, but activities that are continuous in nature (such as the operation of a tunnel boring machine) must be converted into a series of discrete units of work.
Planning projects where there is significant repetition of activities becomes challenging using traditional activity network methods (such as CPM) because of the difficulty of ensuring continuity in resource utilization (Harris and Ioannou 1998) and the consequently large number of activities and dependencies that must be defined and maintained. As a result, alternative planning methodologies have been considered in construction such as the Linear Scheduling Method (LSM) which represents work as discrete-continuous activities plotted across space and time. LSM provides a visually insightful framework for representing activity progress and understanding how interactions between activities impact that progress.
Regardless of the planning methodology adopted, modeling repetitive activities requires careful attention to ensure accuracy since a small error in the estimate of a single repetition translates to a large error over many repetitions. Moreover, effects such as learning and forgetting (Gates and Scarpa, 1972) in repetitive activities can be dramatic and if not properly addressed can lead to significant errors in the estimation of project performance. Uncertainty in activity performance must also be taken into account since it can significantly impact the accuracy of project performance estimates. Ignoring uncertainty (using a deterministic analysis) leads to optimistic estimates of project performance for concurrent interacting processes, the so-called fallacy of averages. The PERT method is a relatively popular tool used for modeling uncertainty in construction schedules, but it only considers uncertainty along the deterministically derived critical path and therefore underestimates both project uncertainty and project duration. Consequently, the PERT method, while simple to use, is only suitable for projects that have a dominant critical path with a low probability of other paths becoming critical. Indeed, interactions between construction processes are usually sufficiently complicated that stochastic effects can only be modeled accurately using statistical sampling techniques, the most popular of which being the Monte Carlo method.
Recent years have seen an interest in developing optimization and satisficing methods for planning repetitive construction work. Ioannou and Srisuwanrat (2006 , 2007a , 2007b proposed and evaluated a technique for planning a smooth work flow for productive resources operating in conditions of uncertainty, set within a linear scheduling (LSM) framework. Trofin (2004) and Flood et al. (2004) implemented a Monte Carlo analysis using the LSM framework to assess the impact of uncertainty on project duration, and activity idle time. It was shown that increasing the level of uncertainty not only increased the expected project duration but also changed the optimal schedule. Rachmat et al. (2009) investigated stochastic simulation on repetitive projects to incorporate activity performance uncertainty in look-ahead scheduling. A case study was undertaken for the construction of a pipeline, where real data were collected in the field, fitted to a statistical distribution, and processed by a simulation package that took into account uncertainty using Monte Carlo sampling. The output from these models was a variable production rate linear schedule of all the activities that comprised the project. In this analysis it was concluded that including uncertainty on linear schedules improves the forecasting capability of project performance and thus helps a scheduler anticipate problem areas and formulate new plans that improve project performance.
Processes that are naturally stochastic can also demonstrate correlation between the duration of repeated activities. Positive correlation means that if one activity (or repetition of an activity) takes longer than expected then the correlated activities (or repetitions of that activity) are also more likely to also take longer, and vice versa. Work on correlation between construction activities (repeated or otherwise) is minimal, but it is easy to demonstrate that positive correlation affects the statistical performance of a project by increasing kurtosis, meaning that more of the variance in the performance of a project results from occasional larger deviations as opposed to more frequent smaller deviations. An outstanding question, however, is whether the effects of correlation significantly impact the optimality of a plan. This paper reports on ongoing research into this question. It introduces the questions being investigated and their rationale, the proposed approach to resolving them, and the results from a series of experiments designed to assess the potential impact of correlation on project plan optimality. If correlation is found to impact plan optimality, then this will justify further work into the development and validation of more accurate models of correlation.
The paper provides a review of the concept of activity correlation in Activity correlation section. This is followed by a description of the modeling approach adopted in this study (Modeling approach section), and the experimental plan (Research plan section). The results and their analysis are then presented in Results and Discussion section, followed by a summary of the conclusions and recommendations for future work in the final section.
Methods

Activity correlation
Correlation in the context of this study is concerned with the relationship between the duration of activities that are intrinsically uncertain. That is, once the uncertainty about the duration for one of the correlated activities has been resolved (such as when the activity has been executed on site and thus we have a measure of its actual duration) then we can make a statistically more accurate estimate of the duration of the correlated activities. Correlation occurs when the durations of different activities are determined by common factors, such as excavation activities that operate in similar ground conditions, utilize the same crew, and/or are overseen by the same superintendent.
If correlation is perfect (often represented as correlation = ±1.0) then resolving the uncertainty for one activity will in effect fully resolve the uncertainty for the correlated activity. If, on the other hand, there is no correlation (correlation = 0.0) then resolving the uncertainty for one activity will not resolve any of the uncertainty in the other activity. It follows from this that correlation could be partial, somewhere between 0.0 and 1.0 or 0.0 and −1.0. This study is concerned with determining the significance of correlation in terms of its impact on the optimality of a project schedule. For this reason, a range of levels of correlation from 0.0 to 1.0 will be considered. Negative correlation will be outside the scope of this study, although it should be considered in future work since it is likely to occur in systems that, for example, include information feedback such as the optimization of work processes in real time through 'lessons learned'.
A dichotomy of correlation is into linear and nonlinear forms, as illustrated in Fig. 1 for perfect positive correlation. While it is possible that nonlinearity in the relationship could affect the optimality of a plan, this study will focus on linear correlation only.
Activities that are repeated would seem strong candidates for demonstrating correlation since the durations of the repetitions will likely be determined by many common factors. Moreover, the impact such correlation may have on the optimality of a plan will likely compound over many repetitions and thus could quickly become significant. For this reason, this study will consider correlation that occurs between repetitions of an activity but not between different activities. Figure 2 demonstrates the difference between activities where each repetition has the same expected duration (to the left) and activities where each repetition is dependent on the number of prior repetitions completed (to the right). Following the arrows on either part of the figure maps out the sequence of task durations that would result in each case. To keep the study manageable, parameters that affect the expected duration of subsequent repetitions of an activity (such as learning, forgetting, and time-of-day/time-of-week dependent fluctuations in production rates) will not be considered. More specifically, the expected duration will be the same for all repetitions of an activity so that only stochastic variance and correlation may affect the actual duration of subsequent repetitions of an activity.
Correlation between the durations of repeated activities will be implemented by calculating a normalized weighting of the previous repetition duration and a stochastically generated duration. That is:
where:
D n = the duration for the n th repetition of the activity; D ′ n = a stochastically generated component for the duration of the nth repetition of the activity; D nÀ1 = the duration of the (n-1) th repetition of the activity; and k = the correlation between the durations of subsequent repetitions (ranging from 0.0 for no correlation to 1.0 for perfect correlation).
While there is no published work to support any particular model for representing correlation of durations for repetitive construction activities, the authors chose this approach since it is simple to implement. An alternative approach, for example, could be to combine weighted durations of more than one previous repetition of an activity. Further work in this aspect of correlation modeling is required to determine the most appropriate model.
While the studies by Trofin (2004) and Flood et al. (2004) were concerned with how stochastic effects in Fig. 1 Linear vs. Non-linear correlation between the duration of two activities repetitive activities impact project performance, they gave no consideration to correlation. Implicitly their model had correlation set to k = 1.0 between the durations of repetitions of an activity in that all repetitions of a given activity had the same duration. Rachmat et al. (2009) also gave no consideration to correlation, although in their case correlation was set implicitly to k = 0.0 in that a new duration was generated stochastically for each repetition of a given activity with no back referencing to any previously generated values.
Modeling approach Monte Carlo sampling
Stochastic analysis refers to the study and modeling of uncertainty with the objective of understanding its impact on performance, and is typically adopted in high risk projects. Uncertainty can be apparent in many different aspects of a construction project (such as labor productivity, the timing of information supply, and the cost of material resources) complicating the tasks of producing accurate estimates of project cost and duration. This, in turn, makes it difficult to determine a competitive bid for a project or produce a supportive plan. Several approaches have been applied to handle uncertainty in construction, the two most popularly accepted being Program Evaluation and Review Technique (PERT), and Monte Carlo sampling. The Monte Carlo approach has been implemented within a number of construction planning tools including the linear scheduling method (Wyrozębski, and Wyrozębska, 2013) , and is generally more accurate and versatile than the PERT method. Indeed, of the two methods Monte Carlo is the only one capable of incorporating correlation. For this reason, the Monte Carlo sampling method was adopted for this study.
Monte Carlo sampling allows many project outcomes to be evaluated statistically. Random sampling is performed to select values for uncertain parameters, typically activity durations, with a probability of occurrence that is characteristic of the uncertainties in the real project. The accuracy of the approach increases with the number of samples made of possible project outcomes. The procedure of fitting observed data to an appropriate duration distribution, and then randomly sampling for possibly thousands of alternative scenarios is a highly intensive computing process. This study will use the SciPy package from IPython (Pérez and Granger 2007) for Monte Carlo sampling since it provides a convenient framework for model development and analysis.
For this study, the expected durations and variances of activities will be allowed to differ but the expected durations and variances for repetitions of a given activity will be fixed.
Linear scheduling method
CPM is the most widely used method for project planning but it is not the most appropriate method for every project. In particular, if the breakdown of a project is at a level that includes repetitive activities then these must be represented in a complex ladder network such as that shown in Fig. 3 . In this example, the activity types (A, B, C…) are performed in sequence implying a logical dependence; similarly each repetition of a given activity (A1, A2, A3,…) is performed in sequence implying that there is a single crew available for all repetitions of an activity. Other network structures may occur but are likely to be equally complicated. Such a representation makes it difficult to visualize and avoid disruptions in the flow of work for crews. Moreover, these ladder networks are cumbersome to develop, modify, and maintain given the large number of activity repetitions and dependencies.
A popular alternative approach is the LSM methodology which represents repetitive activities as a production line in time and space on a two-dimensional graph, such as illustrated in Fig. 4 . Time, in this illustration, is represented on the horizontal axis and space (location of crew) on the vertical axis. The slope of a production line represents its production rate. The slope of the line may be straight if the productivity rate is constant or variable if the productivity changes from unit to unit. In real operations, variable productivity is more likely and results from many factors, such as quantity, quality, and complexity of work, as well as prevailing environmental conditions.
Concepts such as float can be read from a linear schedule (LS) and dependences are represented in the form of buffers which can be measured in the progress dimension as well as the time dimension. Referring to Fig. 4 , the dashed lines between the two activity progress lines are a graphical representation of time buffer and space buffer. This creates a simple but visually insightful representation of the production rate of the crews and their potential space-time conflicts.
Once the visual representation of the work flow is established, less apparent patterns are reveled to the planner, simplifying the task of plan optimization. This may involve adding more crews (including equipment) to certain activities, adding more crew members (and/or other types of resources such as equipment) to certain activities, and/or changing the direction of flow of work.
The effect of correlation and its potential relevance to plan optimization can be understood from Fig. 5 . Each part of this figure represents the upper and lower bounds and mean from 10 Monte Carlo generated samples of the progress of a repetitive activity for the indicated levels of correlation, presented in a LSM format. Correlation was implemented in accordance with Equation (1) for k = 0.0, 0.95, and 1.0 respectively. While the study will consider projects with several interacting activities as outlined in Research plan section below, the single activity plots of Fig. 5 clearly demonstrate how different levels of correlation affect the range of likely progress rates, the form of the distribution at given production milestones, and the expected rate of production. Given that an optimal plan is dependent on progress rates it seems likely from this visualization that the level of correlation will influence the specifics of the optimal plan while errors in the estimate of the level of correlation will impact the performance of a given plan.
Research plan Objective function and objective variables
The aim of the study is to determine the impact of correlation between the durations of repeated activities on the optimality of the project plan. Specifically, the question addressed is: How does a change in the level of correlation from that expected affect the performance of the optimized project plan?
The two objective variables used in this study are Crew Idle Time and Missed Opportunities. Crew Idle Time refers to the total period of time that the crews spend idle or inoperative between their start and finish times. It is caused by interference between dependent crews, and requires one or other of the crews to cease operations intermittently or lower their production rate to avoid any conflict. Figure 6a shows two examples where Crew Idle Time would have to be introduced (to activities B and D) to avoid the conflict. In either case, the clash may have been caused by the preceding activity progressing more slowly than expected and/or the succeeding activity progressing more quickly than expected. The Crew Idle Time would be the sum of these two periods of time. Missed Opportunities refer to periods of time that could have been saved in the execution of a project by starting crews earlier. Figure 6b includes two examples of Missed Opportunities for completing work sooner, between activities A and B and between activities C and D. The Missed Opportunities would be the sum of these two periods of time.
Missed Opportunities and Crew Idle Time are caused by stochastic and correlation effects that result in crew performance rates that are different from the deterministically derived optimum base plan. This base plan assumes that each activity progresses at its expected rate and the start times for each activity are set to ensure that crews neither spend time idle nor miss any opportunities for starting and finishing work sooner. Crew Idle Time represents an additional direct cost to the project in that the crews are employed for longer periods of time to complete the specified amount of work. Missed Opportunities represent an indirect cost to the project in that they lead to a longer than necessary project duration and therefore result in unnecessary project overhead costs.
Synthetically generated test projects
Investigation of the research question was completed for a sample of synthetically generated projects, similar to the approach reported by Trofin (2004) for assessing the impact of uncertainty on LSM plan optimality. The number of activities in each synthetically generated project was set to 10, a large enough number to permit complicated interactions between crews. Each activity was represented by its own Beta distribution which was used to generate the stochastic component of the duration of each repetition of that activity, the parameter D′ n in Equation (1). For construction simulations, the Beta distribution has been found to provide a good representation of the stochastic variance apparent in construction activities (AbouRizk et al. 1994) .
The Beta distribution parameters for each activity were selected using Monte Carlo sampling based on the characteristic range of values for these parameters published in AbouRizk and Halpin (1990) for earthmoving operations, as detailed in Eiris (2016) and summarized in Fig. 7 . Referring to this figure, the data obtained were analyzed and fitted to a Beta distribution to acquire the remaining parameters required that define the corresponding distributions. From this process the mean (χ), the standard deviation (σ), and the variance (σ 2 ) were found. Subsequently, with the objective of generating the synthetic distributions, the data parameters for each distribution were recalculated using the mean (χ) as the starting point to find a series of adjusting factors (m1, m2, m3) that represent the Beta family and the characteristics of the desired construction activity. Once the characteristic properties of the data were delimited, the synthetic data were created by randomly sampling from a range of mean durations from 0.0 to 10.0 units. The example presented in Fig. 7 illustrates the generation of synthetic random activities by employing the adjustments factors previously calculated; through this method the Beta PDFs are acquired with the characteristics of the desired family of curves from the original earthmoving operations. The synthetically generated 10 activity projects were tested for sensitivity to changes in the level of correlation relative to the deterministically derived optimum base plan. This was undertaken for a range of correlation levels from k = 0.0 to k = 1.0. For each level of k, 1000 Fig. 7 Beta distribution parameter fitting process alternative outcomes for the project were generated using Monte Carlo sampling, and each activity was run for 100 repetitions. Figure 8 shows an example of 1000 samples for one activity (for k = 1.0) and its corresponding boundaries and mean.
The first graph in Fig. 9 shows a deterministically derived LSM that has its activities optimally scheduled so that the Crew Idle Time and Missed Opportunities are both equal to zero. The second graph of Fig. 9 shows one of the 1000 stochastically sampled outcomes for this project where k = 1.0. It can be seen that the clashes between activities (resulting in Crew Idle Time) and the gaps between succeeding activities (amounting to Missed Opportunities) are numerous. The following section provides a detailed statistical analysis of how such inefficiencies in project performance (Crew Idle Time and Missed Opportunities) result from the level of correlation between activity repetitions.
Scope of study
Correlation is a many faceted problem and yet, as noted in Activity correlation section, its relevance to construction performance is not well understood. Consequently, this study is focused on whether and how correlation in its most basic form may impact project performance. The limitations assumed do not trivialize the problem: the type of work considered (repetitive construction) represents a broad scope of construction activity; and while the various assumptions made (such as linearity in correlation) may affect the accuracy of estimates of impact they are unlikely to lead to false conclusions about whether correlation is significant. The scope of the study was as follows:
The study is focused on linear construction work, such as occurs in tunneling, highway, high-rise, and pipeline construction operations. Correlation was considered to occur between repetitions of an activity but not between different activities. Correlation was assumed to have a linear relationship as described by Eq. 1. The expected duration for an activity did not vary with repetition. For example, deterministic variance resulting from, for example, learning and forgetting effects was not considered. Stochastic variance in the durations of repetitions of an activity were assumed to be Beta distributed, and the parameters for this family of distributions were kept within the ranges observed in the study by AbouRizk and Halpin (1990) . Stochastic standard deviation was set to 16.9% of the expected duration for an activity. Stochastic low boundary for the Beta distribution was set to 71.7% of the expected duration for an activity. Stochastic high boundary for the Beta distribution was set to 39.5% of the expected duration for an activity.
Results and Discussion
The results of the experiments described above indicated that lower levels of correlation, between 0.00 and 0.80, did not show a significant impact on either Crew Idle Time or Missed Opportunities. However, for higher levels of correlation both variables were found to increase geometrically. Therefore, an additional 1000 LSM scenarios were generated for each level of correlation ranging from k = 0.80 to 1.00 in increments of 0.025, to provide a higher resolution in the results for the region where performance was found to change most dramatically. Figure 10 shows the results of these experiments for Crew Idle Time. The first graph shows how the mean Crew Idle Time changes with respect to the level of correlation, for k = 0.0 to 1.0. Note, for values of k greater than 0.8 the resolution of the plot has been expanded from increments of 0.1 to 0.025. This was done since most impact on idle time occurs for values of k greater than 0.8. The second graph in the figure plots the frequency of occurrence of different Crew Idle Times for different levels of correlation, k. The performance of the project was most severely impacted when correlation was perfect (k = 1.0), in which case the Crew Ide Time was found to be on average approximately 7% of the total time the crews were active. This would equate to an additional 7% in the direct cost of the crews (excluding mobilization costs) and so is considered to be significant. Figure 11 shows the same graphs as Fig. 10 but for Missed Opportunities. The same geometric increase in this objective variable is apparent for high levels of correlation. For perfect correlation, k = 1.0, the Missed Opportunities were approximately 12% of the optimum base plan's project duration.
The Crew Idle Time and the Missed Opportunities data were assessed in a single sample t-test to determine the statistical margin of standard error of the sample mean. Each level of correlation was tested independently using a confidence level of 95%. Table 1 shows the results of this test for different correlation levels. For Crew Idle Time the average margin of error from the sample mean for all the correlation levels was 3.7%. Similarly, for Missed Opportunities the average margin of error from the sample mean for all the correlation levels was 3.61%. Given that these margins of error are all below 5% at the 95% confidence level, the sample size of 1000 LSM test scenarios was considered sufficiently large.
Conclusion
The impact of correlation between activities on the performance of construction projects is not well understood. Moreover, existing models of correlation are limited in sophistication and largely untested in terms of their accuracy. Before investing resources in the development of more appropriate models of correlation for construction it was decided to first test whether correlation may affect project performance significantly. Specifically, this study had the goal of determining whether the optimality of a project plan is prone to disruption by unaccounted correlation. Project performance was assessed in terms of two optimality indicators: Crew Idle Time and project Missed Opportunities. The results showed that both performance indicators are significantly impacted if the level of Fig. 10 Impact of correlation, k, on Crew Idle Time correlation is high (between k = 0.8 and k = 1.0), in the worst case having an expected crew idle time of 7% of crew active time and an expected extension to the project duration of 12%. These results are applicable to problems that fall within the scope of this study.
These results provide justification for investing resources in developing our understanding of how correlation can best be modeled in construction. These studies would, in part, be aimed at extending the study beyond the limitations listed in Scope of study section. For example, studies are required to determine whether correlation between the durations of construction activities should use linear or non-linear relationships, and whether correlation between repetitions of an activity is best modeled as a dependence between immediate repetitions or between the first and current repetition. Future research must also include real-world data from a comprehensive range of construction project types.
Alternative indicators for project optimality should also be considered. In particular, there is a need to determine the extent to which the Crew Idle Time and Missed Opportunities could be reduced if an accurate assessment of the level of correlation was available and used to determine the optimal plan -the question is not straightforward as the systems performance is subject to 
